Abstract-Hybrid beamforming(HBF) is widely adopted for power saving and cost reduction in millimetre wave(mmWave) massive MIMO systems. It includes analog beamforming in phase shifted array and digital beamforming in baseband. Phase shifted array is usually made up with a large amount of phase shifters. Due to production process in mmWave, phase shifters are unavoidable to have phase-shifting error and gain error. In the paper we study the influence of imperfect phase shifter upon the performance of the mmWave massive MIMO systems. We derived the closed-form expression of the loss of spectral efficiency in multi-stream point-to-point scenario and the loss of achievable sum rate in multiuser scenario. Both the theoretical results and simulation results show that there is a spectral efficiency ceiling due to phase-shifting error and gain error. The analytic procedure can be applied for both the sparse channel and the rich-scattering channel.
I. INTRODUCTION
Future 5G communication systems demand higher data rate, larger bandwidth and higher spectral efficiency. With huge unlicence spectrum, millimeter wave communication from 30-GHz to 300-GHz is considered a promising solution to the lack of spectrum in current communication systems [1] . Thanks to the short wavelength in mmWave system, compared with < 6GHz radio system, more antennas can be integrated into the same space to get higher directional gain to compensate the path loss [2] . Millimeter waves have been widely used for long-distance point-to-point scenario in satellite and terrestrial applications and is being studied and developed for commercial cellular systems.
In conventional MIMO systems, one antenna is corresponding to one RF chain (including amplifiers, mixers, ADC/DACs). But in massive mmWave MIMO systems, this may cause unbearable power consumption and hardware cost. Hence hybrid beamforming technology is introduced into the massive mmWave MIMO systems [3] . Hybrid beamforming contains two stages: the analog beamforming in the RF domain mainly used to reduce the number of RF chains and the digital beamforming in the baseband domain functioned as the conventional MIMO systems. The former is usually implemented with phase shifter network with the constant amplitude constraint.
There are many works coming up with the hybrid beamforming algorithms for both the point-to-point and multiuser mmWave MIMO systems. In the point-to-point scenario, paper [4] proposed an OMP based algorithm to jointly design the analog and digital beamforming matrix, which is widely considered as the performance comparison to the subsequent algorithms [5] - [7] . In [7] , it has been proven that the performance of hybrid beamforming can be just the same as full-digital beamforming when the number of the RF chains is twice the number of date streams. In [8] a two-stage asymptotic optimal hybrid beamforming algorithms was proposed considering the number of RF chains is equal to the number of data streams. There are also plenty of other hybrid beamforming algorithms based on beam training [9] , iterative optimizing [10] - [12] , machine learning [13] , [14] and so on.
In the multiuser scenario, many two-stage hybrid beamforming algorithms are proposed. The analog beamforming is usually designed to steer the beam with specific strategies such as maximizing the achievable data rate, maximizing the channel gain and so on. The digital beamforming is often designed to reduce inter-user interference using, for instance, zero-forcing algorithm and block diagonalization (BD) algorithm [15] - [17] and so on. It has been proved that applying ZF precoder can achieve linear growth in the sum rate with respect to the number of antennas and users when they go to infinity [18] , which is approximate to dirty paper coding (DPC). So ZF precoder is widely used as the digital precoder [19] - [21] due to its low complexity and asymptotic optimality. Other hybrid beamforming algorithms are also investigated such as beam selection [22] and so on.
In hybrid mmWave MIMO systems, low-cost devices are usually equipped and hardware impairments such as low resolution ADCs/DACs [23] [24] , phase error [8] , [19] , and many other type impairments [25] are taken into account, which may cause the degradation of performance. Paper [8] and [19] analyzed the achievable date rate considering the phase quantization error following uniform distribution. But, to the best of author's knowledge, there is no work analyzing the influence of the phase-shifting error and gain error of phase shifters.
Constrained by cost, volume and production process, it is unavoidable to induce the phase-shifting error, gain error to phase shifters [26] , [27] . At the same time, the heavy usage of phase shifters (from a few hundred to several thousand) in HBF antenna array makes the system cost sensitive with the unit price of phase shifters and usually the unit price of mass production is determined by component performance. It is very critical for manufacture to get the relation between the system performance of mmWave massive MIMO systems and the component performance of imperfect phase shifters for mass production.
As to the analog beamforming implemented with phase shifters, the existence of phase-shifting error and gain error may degrade the achievable date rate. Different from the uniformly distributed quantization error of digitally controlled phase shifters, the phase-shifting error follows Gaussian distribution, exists in both analog and digital phase shifters and is random and unknown so that it is hard to be compensated. The gain error follows Gaussian distribution too. Limited to the manufacturing techniques, the state-of-the-art 360-degreecoverage 5-bits digital phase shifters have an phase-shifting error of 0.3
• and an gain error of 0.3dB at 28-GHz, and 4-bits digital phase shifters have an phase-shifting error of 8.98
• and an gain error of 1dB at 28-GHz [26] . At 60-GHz, 4-bits digital phase shifters have an phase-shifting error of < 5.5
• and an gain error of < 1dB [27] .
In this paper, we consider the multi-stream point-to-point MIMO scenario and multiuser massive MIMO scenario in the mmWave communication systems and investigate the performance loss with phase-shifting error and gain error. We only consider the fully-connected hybrid beamforming structure for lack of space and the similar analytic method can be applied to other structure. The main contributions of this paper are listed as follows:
1 In the multi-stream point-to-point mmWave massive MIMO systems, we study the loss of the spectral efficiency with phase-shifting error and gain error, and derive the closed-form expression which is closely approximated to the simulation results in the high SNR regime when the data streams is not large. We assume both the transmitter and the receiver have the perfect channel state information (CSI). The expression of the loss of spectral efficiency is universal for both sparse and non-sparse channel and for different hybrid beamforming algorithms. Then we list two hybrid beamforming algorithms as examples to verify the expression with simulations. From both the theoretical and simulation results, we can see that the phase-shifting error of 5
• and the gain error of 1dB cause 45% loss of spectral efficiency when SNR is 15dB and the loss will be more serious when SNR grows larger. 2 In the downlink multiuser mmWave massive MIMO systems, we derive the expression of the loss of achievable sum rate with the phase-shifting error and gain error in the high SNR regime. We assume that the base station has all the perfect CSI and each user has its own CSI. Each user is assumed to be equipped only one RF chain so there is no need of the digital combiner. At the BS, fullyconnected hybrid precoder is applied where the number of RF chains is equal to the number of users. We use ZF precoder based on the equivalent channel as the digital precoder [19] to eliminate the inter-user interference. The analog beamforming is not specified. With the phaseshifting error of 5
• and gain error of 1dB, the sum rate has nearly 25% degradation when SNR is 15dB which is not negligible. The remainder of the paper is organized as follows. In section II, the system model and the channel model is characterized. In section III, we focus on the multi-stream point-to-point scenario and discuss the degradation of spectral efficiency with the phase-shifting error and the gain error. In section IV, we study the loss of the achievable data rate in multiuser scenario. Simulation results is shown in section V to validate the theorems in the previous section. Finally the conclusion is presented in section VI. The proof of the theorems is detailed in the appendixes.
Notations 
II. SYSTEM MODEL

A. System Model
In this section, we first consider the multi-stream pointto-point mmWave massive MIMO communication systems. The transmitter equipped with N T antennas transmits N S data streams to the receiver equipped with N R antennas. In the hybrid communication structure, the number of RF chains is N NS I NS is precoded by the hybrid precoder F = F RF F BB where F RF ∈ C NT×NRF is the analog precoder and F BB ∈ C NRF×NS is the digital precoder. Then the transmit signal vector is denoted as x = F RF F BB s. The analog precoder matrix is usually implemented with phase shifters so the elements are limited to the constant amplitude constraint. To satisfy the transmitter's total power constraint, the digital precoder matrix F BB should be normalized such that ||F RF F BB || 
In this paper, the fully-connected hybrid beamforming is considered where one RF chain is connected with all the antennas through the phase shifter network and the diagram of hybrid beamformer is shown in Fig.1 on the top of the next page. The phase shifters can be analog with continuous phase or digital with B-bit resolution discrete phase. With the phase shifter network, the analog precoding matrix can be expressed as follows:
where
for digital B-bits resolution phase shifters, Θ = [0, 2π] for analog phase shifters. The analog combining matrix is the same.
When there exist phase-shifting error and gain error, the elements of analog beamforming matrix will become:
With the rms phase and gain error, the analog precoding matrix, the analog combining matrix, the hybrid precoding matrix and the hybrid combining matrix are denoted by
As the phase-shifting error and gain error are unknown and can't be compensated in the baseband, the practical digital beamforming matrix F BB , W BB is not depend on the phaseshifting error and gain error.
B. Channel Model
In the mmWave massive MIMO systems, the channel is often considered to be sparse due to the poor scatter. But in some urban area, especially the city center, the scatter may be rich and the channel is not necessarily sparse.
As to the sparse channel, Saleh Valenzula channel model is widely used to describe the geometry characteristics of the mmWave channel. The channel with L ≪ min {N T , N R } is given by:
where γ l ∼ CN(0, 1) is the multipath coefficient, and a R (φ Rl ) and a T (φ Tl ) represent the antenna array response vectors at the angle-of-departure (AOD) φ Rl and angle-ofarrival (AOA) φ Tl of the lth multipath, respectively. The Ndimensional antenna array response vector at angle φ, for uniform linear arrays (ULA) is expressed as:
where λ is the wavelength and d is the antenna spacing. In this paper, it is assumed that the transmitter and receiver are equipped with linear arrays with d = λ/2.
The channel model in (3) can be written in matrix form as
As to the rich scattering channel in some urban area, especially the city center, we employ the Rayleigh fading channel model with i.i.d. elements H nRnT ∼ CN(0, 1). And our analysis of the spectral efficiency in the point-to-point scenario is suitable for both sparse channel and rich scattering case.
III. POINT-TO-POINT SCENARIO
In this section we consider the hybrid multi-stream pointto-point mmWave massive MIMO communication systems. The spectral efficiency with the hybrid beamforming can be expressed as:
where R n = (W * W). Considering the phase-shifting error and the gain error, the received signal can be further written as:
equivalent noise item (7) Then we do singular value decomposition(SVD) to the matrix W * HF:
Multiplicate the left singular matrix S * to the both side of (8) and letr E = S * r E ands = D * s, we get:
The signal-to-interference-plus-noise ratio (SINR) of ith stream can be expressed as (10) on the top of the next page:
where (a) is fulfilled when the number of the data streams N S is not large.
Then the spectral efficiency considering phase-shifting error and gain error is written as (11) on 
the identity matrix in (6)(11) and the loss of the spectral efficiency with the phase-shifting error and gain error can be expressed as:
As shown in (12), β reflects the influence of the phaseshifting error and gain error upon the spectral efficiency. We will calculate β with respect to the variance of phase-shifting error and gain error and present the result in Theorem 1. 
where G = (W * HF) * (W * HF). The parameter τ varies on the interval [N S /rank(H), 1] and equals the ratio of the quadratic sum of the N S largest channel eigenvalues to the quadratic sum of the all the rank(H) eigenvalues. The exact value of τ is fussy to calculate. As the channel is sparse in most cases, τ is on the verge of 1 and we set τ = 1 considering the sparse channel. It is easy to prove that when 2N R N T ≫ (N R + N T )N S , β increases monotonously with the variance of phase-shifting error and gain error.
Proof: Refer to Appendix A.
Remark 1:
In the high SNR regime, β increases linearly with the SNR. Use the Lemma 1: Lemma 1: If A is an N × N square matrix, we have the following inequality:
the above inequality will become equality if and only if all the eigenvalues of A are equal. The upper bound of spectral efficiency with phase-shifting error and gain error can be expressed as:
where βσ
δ . Then we can draw the conclusion that due to the existence of phase-shifting error and gain error, the spectral efficiency will be limited to the performance ceiling in the high SNR regime.
Remark 2:
In the low SNR regime, The power of equivalent noise item is dominant by the practical noise item and the spectral efficiency grows near linearly with SNR in the low SNR regime. Therefore in some communication scenario demanding low date rate, the effect of phase-shifting error and gain error can be neglected.
Remark 3: So far the calculation of β is not involved in the concrete hybrid beamforming algorithms. In the following of this section we will introduce two hybrid beamforming algorithms for the sparse and non-sparse channel as examples to validate the expression of β.
The first algorithm based on OMP algorithm: Referring to [4] , considering the sparse channel only, the analog beamforming vectors can be chosen from the set of the antenna array response vectors through the OMP algorithm. Though the algorithm is not verified to be optimal, it is widely referred to as the performance comparison. With the discrete B-bits resolution phase shifters, the candidate set is
] where a(θ) has been stated in (4) . This algorithm is preferred in the limited feedback communication systems.
The second algorithm based on SVD: Referring to [8, Lemma2] , with the assumption N RF = N S , the asymptotically optimal hybrid beamforming for multi-stream point-to-point scenario can be set as: the elements of the analog beamforming matrix F RF,nTnRF = e j∠Vn T n RF and W RF,nRnRF = e j∠Un R n RF and the digital beamforming matrix F BB = W BB = I NS where the columns of V and U are the right and left singular matrix of H. The asymptotic optimality of this algorithm has been proven in paper [8] . This algorithm is effective in both sparse and rich-scattering channel. Considering discrete B-bits resolution phase shifters, the elements of the analog beamforming matrix will become F RF,nTnRF = e jQ(∠Vn T n RF )
and W RF,nRnRF = e jQ(∠Un R n RF ) where Q(.) stands for the quantization of the angle.
The above two algorithms demand different resolution phase shifters. In the first algorithm, sufficiently high resolution digital phase shifters should be used to guarantee that the candidate vectors are enough to be chosen close to the antenna array response vectors without repetition. While in the second algorithm, it has been discussed in the paper [8, lemma4 ] that more than 2-bit resolution digital phase shifters is comparable with the analog phase shifters with continuous phase.
Another difference between the two algorithms is that the first algorithm can only be applied to the sparse channel while the second one can be applied both to the sparse channel and the Rayleigh channel.
IV. MULTIUSER SCENARIO
In this section we consider the downlink multiuser hybrid mmWave massive MIMO systems. The base station (BS) with N BS antennas transmits K symbols s ∈ C K×1 to K users simultaneously. At the BS, fully-connected hybrid precoding is adopted and the number of RF chains is N RF , which is assumed to be equal to the number of users K. Each user is equipped with N UE antennas. It is assumed that the BS has the perfect CSI of all the users and each user has its own CSI. The channel matrix of kth user is denoted as H k ∈ C NUE×NBS . After hybrid precoding, the signals sent by the BS can be denoted as x = F RF F BB s where F RF ∈ C NBS×K denotes the analog precoding matrix in the RF domain and
denotes the digital precoding matrix in the baseband domain. And the received signal at the kth user can be written as:
where η = 1 tr(FBBF * BB ) is the transmission power normalization factor.
At the user side, only the analog combining is adopted similarly to [19] . Each user has only one RF chain, and the analog combining vector is denoted as w k ∈ C NUE×1 . After analog combining, the received signals of the kth user can be written as: (17) In the high SNR regime, the equivalent channel matrix can be expressed as [19] :
where h eq,k = w * k H k F RF . We can use the asymptotically optimal hybrid beamformer for the multiuser scenario. Firstly the SVD factorizes each user's channel matrix as H k = UΣV * and the diagonal elements of Σ is in a descending order. The analog precoder at the BS is f RF k = e jQ(∠V [:,1] ) and the analog combiner at each user is w k = e jQ(∠U [:,1] ) . As to the digital precoder at the BS, the dirty paper coding is optimal but too difficult to implement. The low complexity linear precoding algorithms such as zero-forcing(ZF) are preferred whose performance converges to optimal sum-rate in the massive MIMO systems. The digital ZF precoder at the BS is given by
With the ZF precoder, the multiuser interference can be eliminated and the SINR of kth user can be expressed as:
Then the achievable sum data rate is:
In the sequel, the phase-shifting error and gain error of phase shifters is taken into account and the equivalent channel under these error H eq,E can be expressed as:
T . We use F BB and F BB,E to define the baseband ZF precoder based on H eq and H eq,E respectively and the ZF precoder error matrix is ∆F BB = F BB − F BB,E . With the phase-shifting error and the gain error of phase shifters, the received signal is given by
From (8), we can see the multiuser interference can't be eliminated due to the mismatch of ZF precoder and the practical equivalent channel. In this case, the SINR of kth user can be written as:
where we define x k = ∆h eq,k F BB F * BB ∆h * eq,k for the sake of simplifying the notation.
Then the achievable sum data rate under phase-shifting error and gain error of phase shifters is:
where the normalization factor
However, it is hard to derive the explicit result of (25) . In [19] , an approximate result of the sum date rate is given by:
Though formula (26) is not accurate, it can describe the effect of phase-shifting error and gain error to the achievable sum rate approximately. We calculate the theoretical value of the expectation of x k in theorem 3.
Theorem 2:
In multiuser scenario, the lower bound of E ∆h eq,k [∆h eq,k F BB F * BB ∆h * eq,k ] can be expressed as: 27) When N BS → ∞, the bound can be very tight.
Proof: Refer to Appendix B.
Thus we can derive the lower bound of the loss of achievable sum rate based on the expression:
In this section we will show our simulation results about the degradation of the performance with phase-shifting error and gain error in both multi-stream point-to-point scenario and multiuser scenario.
A. Point-to-point scenario
In the multi-stream point-to-point hybrid mmWave systems, it is assumed that the number of the data streams communicating between two sides equals to the number of RF chains N S = N RF = 4. The channel is assumed to be sparse and the number of channel paths is not less than the data streams. We assume the number of the channel paths L is max{P 4 , 4} where P 4 is the outcome of Poisson random variable with mean 4 here. Both the transmitter and receiver have ULA antennas and the AOAs/AODs are uniformly distributed in [0, 2π]. The transmit signal-to-noise ratio is defined as SNR = ρ/σ 2 z . We use the optimal full-digital beamforming as the comparison where the precoding vectors and combining vectors are the right and left singular vectors corresponding to the N S largest singular values of the channel matrix H. Then two hybrid beamforming algorithms are taken into account which have been mentioned in the section III with different resolution phase shifters. In the first algorithm proposed in [4] , we use 8-bit phase shifters and in the second one proposed in [8] we use 1, 2-bits phase shifters.
In Figure 2 , it is assumed that the number of antennas both at the transmitter and receiver is 128 and the rms value of phase-shifting error and gain error is 10 −1 rad and 0.08, respectively. The solid curves stand for the spectral efficiency of the beamforming with perfect phase shifters and the dash curves stand for the existence of phase-shifting error and gain error. We can see that the SVD based algorithm with only 2-bits resolution phase shifters has little performance degradation compared with the OMP based algorithm with 8-bits resolution phase shifters. When using 1-bits resolution phase shifters, the spectral efficiency suffers a significant full-digital BF HBF perfect PS Q=1 [7] HBF imperfect PS Q=1 [7] HBF perfect PS Q=2 [7] HBF imperfect PS Q=2 [7] HBF perfect PS Q=8 [3] HBF imperfect PS Q=8 [3] Fig. 2. Spectral efficiency with two hybrid beamforming algorithms applying different resolution phase shifters. σα = 0.08 and σ δ = 10 −1 rad decline. Therefore in the following simulations, the SVD based algorithm with 2-bits resolution phase shifters is applied to guarantee performance while reduce hardware costs. Then we research the effect of phase-shifting error and gain error individually at first and then jointly. The number of antennas equipped at both the transmitter and receiver is 256 corresponding to the blue solid lines and 128 corresponding to the red dash lines in Figure 3 , 4.
1) with phase-shifting error only:
No gain error is assumed and we look into the effect of phase-shifting error individually. In Figure 3 , we can see that the spectral efficiency with 256 antennas at both the transmitter and receiver is approximately N S log 2 (4) = 8 bits/s/Hz larger that with 128 antennas when full-digital beamforming or hybrid beamforming with no phase-shifting error and gain error is adopted. When the rms value of phase-shifting error σ δ = 10 −1 rad, the gap of spectral efficiency between 256 and 128 antennas is less than 8 bits/s/Hz. In the low SNR regime, the degradation of spectral efficiency due to phase-shifting error is not significant. As the SNR grows larger, the spectral efficiency declines more and finally is limited to the performance platforms. Considering N T = N R = 128 and σ δ = 10 −1 rad ≈ 5.7
• , the spectral efficiency is approximated to 30 bits/s/Hz when SNR equals 5dB and will not increase with higher SNR. When SNR is 20dB, the spectral efficiency declines to 50% of the hybrid beamforming with perfect 2-bits resolution phase shifters. With smaller rms value of phase-shifting error, the performance loss is reduced and when σ δ = 10 −3 rad, the performance is very close to the perfect phase shifters when SNR is less than 30dB. The theoretical results of the spectral efficiency with phase-shifting error shown by the black curves are calculated according to the formula (12) and (13) where we set τ = 1 as an approximation and they are in good agreement with the simulation results shown by the red curves.
2) With gain error only: No phase-shifting error is assumed and we look into the effect of gain error individually. In Figure   - 4, similar conclusion can be drawn that the degradation of spectral efficiency is small in the low SNR regime and grows larger with higher SNR. When SNR is 10dB, the spectral efficiency reach the platform of 34 bits/s/Hz approximately. When SNR is 25dB, the spectral efficiency has 50% degradation. 3) With phase-shifting error and gain error both: Considering N T = N R = 128, the simulation results with both phaseshifting error and gain error is shown in Figure 5 . According to the formula (15), we can calculate that when σ α = 0.02 and σ δ = 10 −2 rad, the upper bound of spectral efficiency with the existence of phase-shifting error and gain error is 51.8 bits/s/Hz applying phase shifters with continuous phase.
B. Multiuser scenario
In the downlink multiuser scenario, we set the number of the antennas at the BS is N BS = 128 or 256 and each user is equipped with N UE = 4 antennas. Both the BS and the users have ULA antennas. The channel between the BS and each user is assumed to be sparse with less than 5 scatters. The number of the total users is K = 10. Each user is served by a single RF chain thus the number of RF chains at the BS equals K. As to the hybrid beamforming process, the analog beamforming matrix is set based on the SVD of channels like the way in the point-to-point scenario with 4-bits resolution phase shifters. The digital precoder at the BS is ZF precoder based on the equivalent channel in (18) . The number of antennas equipped at the BS is 256 corresponding to the blue solid lines and 128 corresponding to the red dash lines in Figure 6 , 7.
Then we investigate the effect of phase-shifting error and gain error individually at first and then jointly. Figure 6 , assuming no gain error, we can see that the theoretical lower bound of the loss of achievable sum rate is more tight when N BS = 256 compared with N BS = 128 because F RF is more approximate to a unitary matrix as N BS grows larger. Considering σ δ = 10 −1 and N BS = 128 , the achievable sum rate reach the platform when SNR is 20dB while in the pointto-point scenario, the SNR corresponding to the start of the performance platform is 5dB. The reason of the difference is that in multiuser scenario, the antennas at each user is only 1/32 of the antennas at the receiver in point-to-point scenario. By coarse estimation, we have 10log 10 (32) = 15dB, which indicates that when they all reach the performance platforms, the SNR in the multiuser scenario is about 15dB larger than the SNR in point-to-point scenario. When σ δ = 10 −2 , the achievable sum rate declines little with phase-shifting error compared with the perfect phase shifters. Compare the Figure  3 and 6, we find that the effect of phase-shifting error in multibeam point-to-point scenario is more serious than in multiuser scenario with far less antennas at each receiver side. 
1) With phase-shifting error only: In
2) With gain error only:
In Figure 7 , assuming no phaseshifting error, we can draw the same conclusion that the SNR corresponding to the start of the performance platform is 15dB larger in the multiuser scenario than in the point-to-point scenario. The degradation ratio in the multiuser scenario is less than that in the point-to-point scenario at every SNR with same gain error. 3) With phase-shifting error and gain error jointly: Considering N BS = 128, the simulation results with both phaseshifting error and gain error is shown in Figure 8 . We can see that when σ α = 0.08 and σ δ = 10 −1 rad, the loss of the achievable sum rate is 25% when SNR = 15dB.
VI. CONCLUSION
In this paper, we looked into the loss of the spectral efficiency in point-to-point scenario and the loss of achievable sum rate in multiuser scenario caused by phase-shifting error and gain error of phase shifters. We derived the closedform expression in the high SNR regime which is applicable for both sparse and rich-scattering mmWave channels and the expression is validated via simulations. The theoretical and simulation results indicated that the degradation of the performance is serious with the existence of phase-shifting error and gain error. Some calibration algorithms may be in need to deal with phase-shifting error and gain error.
APPENDIX A PROOF OF THEOREM 1
In Appendix A, we calculate the factor β with only the phase-shifting error in the hybrid point-to-point mmWave massive MIMO systems.The factor β can be expressed as:
The first item can be further expressed with the SVD decomposition of the channel matrix H = UΛV * as:
The optimal hybrid beamforming matrix should satisfy that W * UU * W and F * VV * F are diagonal matrices wherein N S diagonal elements are dominant [8] . We define the mean value of the dominant diagonal elements of them as E R and E T . The approximate value of the first item is given by:
The second and third item can be expressed similarly as (31) and (32).
where E T,EE , E R,EE , E T,E and E R,E denote the mean value of the donimant diagonal elements of matrix W *
respectively. Then we look into the relationship between E T,EE , E T,E and E T . We can express E T as:
Similarly we can express E T,EE as:
. The step (a) is derived by:
In the step (b), we assume that the sum of the diagonal elements of the matrix A = F BB F * BB is approximate to N S /N T which is satisfied in most of the hybrid beamforming algorithms. When δ m is i.i.d. and δ m ∼ N(0, σ 2 δ ), the mean of the difference follows the Gaussian distribution too thus
Another way to express E T is given as:
Similarly, E T,E can be expressed as: 
APPENDIX B PROOF OF THE THEOREM 2
In appendix C, we prove the theorem 3 where conclude the loss of sum rate in multiuser scenario due to phase-shifting error and gain error.
Firstly we do SVD to the channel between the BS and kth user, and the data stream is desired to be transmitted through the strongest channel path. We have: Based on these assumption, the equivalent channel is approximate to a diagonal matrix and can be expressed as:
And the ZF precoder at the BS is given as: 
When there exist the phase-shifting error and gain error, we define ǫ UE,k = w * E,k a UE,k = 
